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1. Introduction and summary 


It is well known that elementary particles of arbitrary spin can be described 
by relativistic wave equations of the Dirac form (2.1). Such an equation has 
the advantage of being derivable from a variational principle without use of 
subsidiary conditions. If the equation is to be covariant under proper Lorentz 
transformations, the irreducible set of the matrix coefficients f,, and the gen- 
erators q,; of the transformation must satisfy the equations (2.7). These equa- 
tions, as well as the integrability condition (2.6), can be satisfied by different 
assumptions for the dependence of the q's upon the f;’s [1]. The simplest of 
these dependences is (2.10), to which we will adhere in this paper, having no 
physical reasons for more complicated assumptions. 

If (2.1) is required to represent a particle of unique mass, all components 
of the wave function y must satisfy Klein-Gordon equations with the same 
mass constant. Now, with the assumption (2.10), it is impossible to satisfy the 
condition of unique mass for any spin higher than 1, if the mass term 4 in 
(2.1) is a constant times the unit matrix [2]. In fact, the components of wy 
then satisfy a differential equation of higher order than 2, such that the rest 
mass of the particle can have different values with certain simple ratios. For 
instance, in the case of spin 2 there are two rest mass values with ratio 1/2. 
However, a constant times the unit matrix is not the most general form of 
the mass term. For example, already in the case of spin 1 this assumption is 
too simple to give Maxwell’s equations [3]. In fact, the mass term has only to 
commute with the generators, (2.8), and satisfy a Hermiticity condition (3.8). 
There is thus a possibility of obtaining a more general mass spectrum. 

In this paper we investigate in some detail the irreducible spin-2 case, where 
the 14 components of y consist of the components of a symmetric tensor of 
second rank and of a vector. This case of higher spin seems at present to be 
most interesting physically, due to its bearing on the gravitational problem. 
Explicit representations, (2.21), (3.10), of the 14-row matrices f, and the metric 
form f are deduced by means of the subspace method of Klein [4, 5]. By means 
of this representation the most general form of the mass term is proved to be 
an arbitrary linear combination, (4.29), of three commuting projection operators 
of sum 1. The wave equation is given in component form, (5.1), (5.2). It is 
proved that all components of y satisfy the same fourth order differential equa- 
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tion (5.7), showing that the two rest mass values can be given arbitrary ratio. 
This ratio can be chosen as 1, if we make the particular assumption (5.11). 
All components of y then satisfy the same Klein—Gordon equation (5.12), showing 
that in this case the particle has unique mass. On the other hand, with the 
particular choice (5.13) the differential equation of fourth order degenerates 
into an ordinary Klein-Gordon equation, giving another case of unique mass. 
This second case is proved to have positive definite energy (6.6) and can thus 
be quantized in the conventional way. 

The authors intend to generalize the present spin-2 equation to general rel- 
ativity with a method analogous to that used for the spin-1 case [6]. It may 
then be possible to obtain the general equations of the gravitational field in 
empty space by postulating a suitable connection between the symmetric field 
tensor and the metric fundamental tensor. 


The present investigation, of which a preliminary report has been published in the Physi- 
cal Review [7], has been supported in part by the Swedish Atomic Committee and in part by 
the U.S. Air Force through the European Office of the Air Research and Development Com- 


mand. 


2. Representation of the matrices 


We consider relativistic wave equations of the form (Latin indices running 
from 1 to 4 and x,=7ct?): 


(BY p,— A) p=0, (2.1) 

p (B* p,, — 4) =0, (2.2) 

where Pr= —iha ae ot 23 
k aak’ ( . ) 


when operating on y and with the reversed sign when operating on 4%. 
Consider a Lorentz transformation, given by the equations 


Pr = Dit € x! Dr, (&1= — Ex); (2.4) 
y’ a Q p= ql te 4 é* es) Y, (drs a ip Uses (2.5) 
[Gucrs eel i. Orr ks — Ox dis ap O1s Vk — Oxs Gri (2.6) 


The covariance of (2.1) under such a transformation implies the relations 


[Mets B,] =01 Bx Bice Bi, (2.7) 


[A,Q]=0 or [A, qi] =0. (2.8) 
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In this paper we investigate the irreducible 14-row representation of the Bx’ 8, 
corresponding to a wave function, consisting of a symmetric tensor of second 
rank and of a vector. 

According to Klein [4] we consider the 4-dimensional space as a subspace of 
a 5-dimensional one. The q,,’s (Greek indices running from 1 to 5) for the 
Lorentz transformations of the 5-dimensional space satisfy (2.6) with Greek in- 
dices. If we put 


Bo=*%5, (B5=9), (2.9) 


(2.6) with Greek indices contains (2.6) and (2.7) with Latin indices and the 
following special dependence of the q,,’s upon the f,’s: 


G1 = (Bx, Bil. (2.10) 
(2.10) and (2.7) give: 


[Bx Bil Br] =O Bu— Orr Bi (2.11) 


To obtain a representation of the f;,’s of our case, we make use of a method, 
developed by Klein and worked out in some detail by Hjalmars [5] for the 
Petiau—Duffin-Kemmer f,-matrices. By this method we construct an explicit 
form of the q,,'s of the irreducible representation of the 5-dimensional Lorentz 
group, where the 14 components of the operand consist of the elements of a 
5-dimensional symmetric tensor y,3; with y,*=0. Under the restriction to 4- 
dimensional transformations this 5-dimensional tensor breaks up, as required, 
in a symmetric 4-dimensional tensor y.=y,, a scalar y;,= —y," and a 4- 
vector 51. 

The representation is obtained by identifying (2.5) with Greek indices with 
the explicit 5-dimensional Lorentz transformation of y,s. We thus obtain: 


Wap +E" (Goa Yap = Pup + Ex? Pop + Ep° Pao (2.12) 
The arbitrariness of the ¢,,’s gives: 
(Jgo Pap = Oe Pop — San Yop + Sep Pro — Sap P20» (2.13) 
which can be written 
<ap | Qoa | @'B wasp =4 [0x9 Oo” Op” — ex (9.0) +ex (%B) +ex (a B’)] perp, (2.14) 


where ex (go) means the entire preceding expression with 9 and o exchanged. 
Now, we are only considering operands y’s and 7's, fulfilling 


Yap = You, Yap Ppas (2.15) 
Ya" =0, Pa =9, (2.16) 

ie. being of the form 
Yap OF Pap=k(Aapt Apa) —$ Aa’ Sap: (2.17) 
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Thus, every operator, operating on a y or a #, must have the property of 
giving a new operand, fulfilling the same conditions. The matrix elements of 


every operator must consequently satisfy 
<ap | Op |*?> Par p= <px| Op|* > par p's (2.18) 
<a" |Op|* "> pars =0, (2.19) 


and correspondingly for 7%. (2.18) and (2.19) must in particular be fulfilled for 
Yoo. Since the brackets in (2.14) are easily seen to satisfy (2.18) and (2.19), the 
relevant part of the matrix elements for g,, must be: 


Cap | Yoo a’ p> =} [bao Oxo Oger — EX (9.0) + ex (a B) +ex («’ B’)]. (2.20) 


By means of (2.9) we obtain 
wp | Bo | a’ BD = - [So Ox'5 Opp rs 0x5 Oats Opp: at Om (x B) + ex (a’ B’)]. (2.21) 


In this representation the relevant part of the unit matrix is 
<ap | 1 a’ p> =% [3 Occ’ Ose: 7 10 Oxf Ox B + ex (x B) + ex (oc! B’); (2.22) 


since this matrix is seen to reproduce a y or a ® with the property (2.17). 

Taking the complex conjugate of (2.14), it is seen that the q,,’s are anti- 
Hermitian. The f,’s are thus Hermitian by (2.9). 

Since our procedure starts from an irreducible representation of the 5-dimen- 
sional group, the representation (2.20) of qg,, is automatically irreducible. Since 
the q's of (2.20) can be obtained from the q,;’s by means of (2.9), (2.10), the — 
set f, of (2.21) must be irreducible. Of course, the set gq, is not irreducible, 
but contains three irreducible representations of the 4-dimensional Lorentz group, 
corresponding to the transformation of wx:— dx: y,", y," and ws, respectively. 


3. Minimal equation and metric form 


In order to determine the minimal equation we calculate Goo» We obtain 
by means of (2.20): 


ap | Poo | «” 6°» 
= (ap |Io0|*°P"> Care| doc | «6°? 
= (Sug 5o*” Sp”” — baa bp” 8p°” + bag 50%” 85%” — Saag” 5p%”) x 
X (bx 9 Ox'a Op" 8 — Ox Ox" Opp) + eX (%B) + ex (x’ B’) 
mea Oe OS 8jr 5.15 0. 8 oe 
— bas Opp: 8x’ + Ox Sec Opp Sa’p + Sao 5p'0 O69 One — 
— Gag Op" Ofc 9x9 ~ Oa 98" S80 52's + Saxe Of" Ofc Ox’) + eX (x B) + ex (a B’), 
(3.1) 
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<2B| Qo" a’ p> 
=} [Oxo Onc Oper On ie Ong Ova Opa: ae One One Oo Opa = Oze Ox'o Oo Opa] GF 
+-ex (9.0) -+ ex (a 8)+ex (a B’). (3.2) 


If we calculate the higher powers of q,, in the same way, we find that q,, 
satisfies 


Yon” +5 Goa® +490 = 0 (3.3) 


with the roots 0, +7, +27. This is the minimal equation for Yoo: Which can 
be proved as follows. Since q,, is an anti-Hermitian matrix with only real 
elements, its minimal equation can contain either only even terms or only odd 
terms. The constant term of the minimal equation must be zero, since the unit 
matrix (2.22) contains matrix elements, which cannot occur in the dignities of 
Yoo- Thus the minimal equation cannot be even. It is easily seen that the pos- 
sible equations of first and third degree are not satisfied by q,,. (3.3) is thus 
the minimal equation. The eigenvalues of ig,, are consequently 0, +1, +2. 
By (2.9) this is in particular the case for f,, having the minimal equation 


Br—5 Bc +4 B, =0. (3.4) 


It is now clear that all assumptions, made by Madhava Rao [8] for calcu- 
lating the commutation rules for the matrices of spin 2, are satisfied by our 
dx. Px. These matrices are thus a special, irreducible representation of the 
spin-2 algebra of Madhava Rao. 

As well known, a Hermitian matrix /, fulfilling 


B=1, (3.5) 
BBx+B.B=9 (k=1, 2, 3), (3.6) 
[B, Bs] =9, (3.7) 

AY = — BAB, (3.8) 


is a satisfactory metric form, which can be used in the relation 
p=" B. (3.9) 
We will prove for our case that the Hermitian matrix 
B=§ (2 Bi—8 BE +3) (3.10) 
can be used as a metric form. We obtain by (3.4): 


B? =3 (4 Bf — 32 ff + 76 B{— 48 Bi +9)=1, (3.11) 
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which proves (3.5). Furthermore, if we make use of equation (29) of Madhava 
Rao [8], i.e. 


BE But Bx Bi = Bt Bet 6 Bs Br Ba + Br Bi, (3.12) 
and of (2.11), we obtain (k= 4): 
B Be + Bx B=2 (2 Bs Bx Ba— Bi Bx — Bx Bi + Bx) =9, (3.13) 


which proves (3.6). (3.7) is evidently fulfilled. (3.8) will be proved in the next 
section. 

The matrix elements of # can be calculated by means of (3.10), (2.22), (3.2) 
and the corresponding equation for q,,’. When inserting the result in (3.9), 
we obtain the following connection between the components of # and y": 


Pap = Yap; (3.14) 


where the minus sign is to be chosen, if one of the indices «, 6 is 4 or 5 
and the other 1, 2 or 3, whereas the plus sign is to be chosen in all other 
cases. 


4. The mass term 


As well known, (2.7) means that the Q-transformation of /, is identical 
with the transformation of /, as a vector component. On the other hand, (2.8) 
means that A must be an invariant under the Q-transformation. If 4 is ex- 
pressed as a function of the irreducible f,’s, this expression must thus have 
the form of an invariant formed by the f,’s as vector components. The most 
general form of 4 is consequently 


A mice Pose POM (4.1) 


with all indices contracted. 
From (4.1), (3.6) and (3.7) follows immediately that A and 8 commute. The 
condition (3.8) is thus equivalent to the condition that J is anti-Hermitian: 


A= A. (4.2) 


In order to reduce (4.1) to its simplest form, we start with the investiga- 
tion of the Hermitian invariant 


B=6,, B* = B, Be. (4.3) 
By putting o=5 and summing over 0 in (3.2), we obtain 
<ap| Bl «p> 
= 3 [Oxx Opp + 5 bas 0x5 Opa — Sues Ox's Oprs — Oa5 Sx’ g: Ops] + ex (xB) + ex (a B’). (4.4) 
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After calculating the higher powers of B, we obtain the minimal equation 


B® —19 B? +104 B—140=0 


with the roots B,=2, B,=10, B,=7. 


(4.5) 


Any polynomial of B can now be written as a linear polynomial of three 


projection operators @,, w, and qs, satisfying: 
Wy D1 = Wx, Ox 
@,+@,+@,=1, 
B=20,+100,+7 a3. 
The idempotents @,, @,, m3 are seen to be: 


w, =4; (B®? -17B+70), 


By means of (4.4) we obtain: 


<ap| Oy | a’ p> 
=} [3 bua Opa — § Sup Ox p — Sau’ Ops Op'5 + § Ox’ p’ 0x5 Ops +4 Ox Ons O8'5 + 
+ § 0x5 Ops Ou's Ops] + ex (xB) + ex (a’ B’), 


<ap|a| a a> 
=4 [dj bap Sa: p — 8 Ox’ p* Sus O95 — § Oxp O's Ops +8 Ox5 Ops Ox5 Op’ 5] + 
+ ex (« 8) + ex (a’ 6’), 


<ap| Wg | a’ p’> 
=} [ba O35 Ops — Oas O85 x's Ops] + ex (a B) + ex (x’ B’). 
The components of w,y are 
(1 YP) = Yer — + Yr’ Ort» 
(De W)ice = 4 Yr’ 
(es P)55 = Ys5 = — Yr'> 


(3 Y)51= (3 W)is = Var 


(4.6) 
(4.7) 


(4.8) 


(4.13) 


(4.14) 
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all other components being 0. The equations (4.15)-(4.18) show that the op- 
erators @,, @, and , project into the three subspaces, spanned by the trace- 
less tensor Yxi—} Yr" Ox, the trace y,’ and the vector ps5, respectively. 

By (2.21) and (4.14) we obtain: 


3 Be + Br Os = Brs (4.19) 
giving by (4.6) and (4.7): 
3 Bx= Bx (@, + Ma); (M1 + @) Pr= Pr 3, (4.20) 
Oy By Wy = Wy By Wa = Oz Br Oz = 9, . (4.21) 
1 Pe Wz = We By, 0, = 9, (4.22) 
3 Py Oy = Bx 1, , By M3 = ®y Pre (4.23) 
3 By Wy = Py Wo, Wo By Wz = We Prs (4.24) 
0s Bi Bi= Br Bi Os» (4.25) 


By (2.21) and (4.13) we get: 


De Br i=, Bi Brs Bx Bi = B; Bx Ws, (4.26) 
Bx, Oy BY =3 Ws. (4.27) 


We are now able to prove that every expression of the type (4.1) can be 
reduced to a polynomial in B or equivalently a linear polynomial in @,, @5, @s3. — 
We first show that any expression of the type (4.1) can be written as a 
linear polynomial in the w,’s times an expression of the type (4.1), containing 
at least two ,’s less than the original expression. Denoting by [...] all ex- 


pressions of this reduced type, we obtain by (2.11), (4.3), (4.8), (4.20), (4.26) 
and (4.27): 


Br +++ Bre BY... Bae. 
= Bx Bi BY + Bg BY + [ee] 
=} Bi By BY --- +4 Bx BY Bie +L] 
= 3 Bi {2 (@, +) +8 W475} +L] 
= 5B 1+ +4 By Og ++ +3 (Wy + Wg) Bree EL] 
=4 By Wg -++ + [+++] =4 1 Oy Bm Bi $4Bp 9 Blo +L] 
= 4B) 05 B' Bm + [+ J=[--]. (4.28) 
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Diminishing in this way successively the number of £;’s in the expression 

[...], we obtain at last an expression, not containing any f,’s at all. The most 
general form of 4 can thus be written: 


A= —th (x, ©, + %_ Wy + 3 Ws); (4.29) 


where %,, %. and x, are arbitrary constant c-numbers, which by (4.2) must 
be real. 


5. The wave equation in component form 


If we insert (4.29), (2.21), (4.12), (4.18) and (4.14) in (2.1), we obtain: 


; a 
Ox Psi + 1 or = — ty Pur — | (42 — %) Pr" Orr, (5.1) 
Ox Wr" + Oy Pe” = Hg Woks (5.2) 
a 5. 
Oe We = — 5 %2 Pe’, | (5.3) 


where the 55-component (5.3) of the wave equation of course also can be 
obtained from (5.1) by putting k=/, and summing over k. 

In order to investigate the mass, we will now derive the differential equa- 
tion of higher order, which is satisfied by all components of the wave func- 
tion of (2.1). If we insert (5.3) in (5.1), we obtain: 


fe a 
Hy Xo Wei Xo (Ox Ws51 aye ahi Wox) ot 9 (x — Ma) 0, Ys" Oxi (5.4) 


If y,, of (5.4) is inserted in (5.2), we get: 
(5 x, + Hq) Oy O, Wg” + 2 Hq (0, O — Hy %3) Vox = 0. (5.5) 
Now, multiply (5.5) by @, and sum over k: 
[(5 x +3 xy) 0, — 2 xy Hy % 3] (Ox Ys”) = 0. (5.6) 
The operator bracket in (5.6), operating on (5.5), gives a fourth order dif- 
ferential equation for y;,. If x,+0 and x,+0, it is seen from (5.4) and (2.16) 


that this equation is also satisfied by y,, and y;;, and thus by the column yp. 
The equation is: 


[0, O — x, %] [(5 x, +3 Hq) 6, — 2 x Hy xg] p = 9. (5.7) 


If 5x,+3x,+0, (5.7) can be interpreted as the field equations for an ele- 
mentary particle with two possible values of the rest mass: 
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2 


my = — Vig Ha (5.8) 
Wi as 2% Xo x3 eu \/ 2 He mn. (5.9) 
2 cc! 8x, 43%, 5x,+3x, * 


If 4 of (4.29) is a constant times the unit matrix, which is the case in- 
vestigated by Bhabha [2], we have x,=~,=% 3. In this case (5.9) gives: 


m,=1my, (5.10) 


which is the result of Bhabha. 

On the other hand (5.9) shows that in our more general case any ratio 
between the mass values m, and mz, is possible. 

Moreover, (5.7) reveals two possibilities of choosing x, and x, so as to ob- 
tain a unique value of the rest mass: 

The first possibility consists in making m,=m,. By (5.9) this can be achieved 
by putting 


Xe 8 (5.11) 
With this choice (5.4) and (5.5) give: 
(0, O — x, %3) p=. (5.12) 


In this case, the wave equation (2.1) can consequently be interpreted as the 
equation for a particle with the unique mass m, of (5.8). 
The second possibility consists in choosing 


%e= —3%, (5.13) 


making (5.7) identical with (5.12). In this case (5.6), (5.3), (5.2) and (5.4) give: 


eps" =0, (5.14) 
yx" =0, (5.15) 
Oy Vx = 1 Kg Woks (5.16) 
0,8, y” =0, (5.17) 
i 
ao (Gx Psi + 1 Pox). (5.18) 
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6. Energy and spin 


For the special case x,=x,=x3; we can, as shown in [9], use the energy 
momentum density tensor 


. . ~ ra th ~ m ~ m + m 
Dy —ic| -ih Pfr lGxy) — onl - HP TiP+PBide” Yt PBed vi}. (6.1) 


and the spin angular momentum density 


Sy = —ihp ip, Vi Y- (6.2) 


In our more general case, where x,, x, and x, are not equal, (6.1) and (6.2) 
can still be interpreted as energy momentum and spin densities. In fact, for 
the proof of the relations, necessary for this interpretation, we do not need 
the assumption that 4 is a constant times the unit matrix, but only the condi- 
tion (2.8), which must be satisfied also in the most general case. 

If in (6.1) k=l=4, m runs only from 1 to 3, and, consequently, the rele- 
vant part of the energy density is 


H=—hepp,y. (6.3) 


From (6.2) and (3.3) follows that in our case the highest eigenvalue of the 
spin is 2. Thus, according to [2], the corresponding particle can be classified 
as having spin 2. 

We will now investigate the positive definiteness of the total energy in 
the two possible cases of unique rest mass. For this purpose we follow the 
ordinary procedure of decomposing the field into Fourier waves and investi- 
gating every wave, when brought to rest. The wave is then of the form: 


y= exp (ric Vx, %gt), (6.4) 


where is a constant column. 

If (6.4) is inserted in (5.1), (5.2) and (5.3) with (5.11) or (5.13), all com- 
ponents of qm can be expressed in @;,. If these expressions are brought into 
(6.3), we obtain for the case (5.11): 


H=4ihcx, 2, Pan Pan — P54 ts (6.5) 
n= 

and for the case (5.13): ‘ 
H =4iicx, bo Qn Psn- (6.6) 

n=1 
For the case (5.11) of unique mass, (6.5) shows that the energy is not 
positive definite and a quantization can thus Pee be made without making 
use of indefinite metric. In the unique mass case (5.13), on the other hand, 


we see from (6.6) that the energy is positive definite, so that the quantization 
can be performed in the conventional way. 


Institute of Theoretical Physics, University of Stockholm, and Department of Mechanics II, 
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